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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-1608

AN ANALYTICAL STUDY

OF A SIMPLE A_ITUDE CONTROL SYSTEM

FOR A FINNED VEHICLE

By Jack E. Harris

SUMMARY

An analytical study was made of a finned-vehicle first-stage attitude con-

trol system incorporating an attitude error feedback signal and simple forward-

loop compensation. The effects of various compensation networks on system per-

formance are compared for flight conditions, ranging from dynamic pressures of

100 lb/sq ft to 3,200 lb/sq ft. A simple tandem compensation network that

enables the control system to obtain good response characteristics to attitude

command inputs and to maintain satisfactory path control when subjected to wind

disturbance is discussed.

INTRODUCTION

Finned vehicles often are used for space-probe missions. High pointing

accuracies are seldom required, and by spinning the vehicle about its longitudi-

nal axis, thrust misalinements that could cause tumbling are channeled into the

production of gyroscopic precession and nutation. The amplitude of these gyro-

scopic motions is dependent on spin rate, and therefore the deviation of the

longitudinal axis of the vehicle from a prescribed spatial direction can be kept

small. However, the wind shears encountered during transition through atmosphere

can produce disturbances that cause too large a path deviation, and a more posi-

tive spatial orientation of the vehicle is required, especially for finned

vehicles. This paper presents the results of an analytical study of the feasi-

bility of using a simple first-stage control system, incorporating an attitude

signal as the only feedback loop, in order to control the attitude of a vehicle

traversing the more dense areas of the atmosphere. The specific task was to

afford control of a fin-stabilized solid-fuel vehicle during the first 40 seconds

of flight. After this time interval, the vehicle would be spun up and rely upon

spinning to maintain its proper attitude.

The results of the study are presented in terms of root-locus plots which

show the effect of various compensating networks on the system characteristics,

and transient-response plots which show the attitude response of the vehicle to

input commands and its resistance to external disturbances.



The effects of the first three bending modeson system stability are con-
sidered in the analysis since system instability can sometimesbe caused by
coupling between control modesand structural modes.

SYMBOLS

CL,J

di, J

di,T

dl,8

ECs)

F8

Fz

aCs)

hi

i

iy

J

K

K v

L

m

feedback signal proportional to vehicle attitude

local lift coefficient at Jth station

normalized displacement of ith bending mode at jth station,

positive in lift direction, ft/ft

normalized displacement of ith bending mode at nozzle exit, ft/ft

normalized displacement of ith bending mode at control surface

center of pressure, ft/ft

control=system forward-loop error signal

Jet-vane lift force per unit control deflection, lb/degree

force input to translation mode, positive downward, lb

frequency-dependent terms of transfer function particularized by

the numerical sub_crlpt

displacement of reference point to which ith mode is normalized, ft

bending mode

moment of inertia about the Y-axis, ft-lb/sec 2

body station

imaginary portion of the complex variable s = _ ± j_, radians/sec

static gain of transfer function particularized by the numerical

subscript

loop root locus gain

lift force, positive upward, lb

pitching moment about Y-axis, positive for nose up, ft-lb

total mass of vehicle, slugs
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mi

n

Q±

q

RCs)

rCt)

S

s

T

t

V

X,Y,Z

gj

_j

8

8

e G

generalized mass of ith mode, slugs

integer

generalized force input to ith bending mode, positive upward, ib

dynamic pressure, lb/ft 2

reference input command, proportional to desired vehicle attitude

reference input command

lift coefficient reference area, area of base diameter, ft 2

Laplace operator, per sec

thrust in pounds

time

velocity along flight path, ft/sec

orthogonal principal body axes

distance from body station j to center of gravity of the vehicle,

positive if station is forward of center of gravity, ft

distance from nozzle exit to vehicle center of gravity, ft

distance from control surface center of pressure to vehicle center

of gravity, ft

rigid-bodyangle of attack, degrees or radians

local angle of attack at jth station, degrees or radians

control deflection, degrees or radians

structural damping ratio of ith mode

rigid-body angular displacement about the Y-axis, degrees or

radians

angular displacement about the Y-axis at sensor location, degrees
or radians

slope of normalized mode

slope of normalized mode

i at sensor location, radians/ft

i at nozzle exit, radians/ft

real portion of the complex variable s = _ ± J_, sec -I
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angular displacement about the X-axis, degrees or radians

angular displacement about the Z-axls, degrees or radians

natural frequency of ith mode, radians/sec

A dot over quantity indicates the differentiation with respect to time; a

double dot indicates the second differentiation with respect to time.

A subscript to a subscript denotes the derivative of the quantity represented

by the principal symbol, with respect to the quantity related to the second sub-

script. For example:

C ) 8CL'j per radlan
Lm J = _j

SYSTEM AND VEHICLE CHARACTERISTICS

The vehicle characteristics used in this study are representative of the NASA

Scout, a four-stage solid-fuel vehicle. The first stage is controlled by movable

aerodynamic tip f_ns and Jet vanes immersed in the first-stage motor exhaust.

These surfaces are positioned by a hydraulic servosystem, normally positioned in

proportion to the sum of vehicle attitude and rate error signals. The system

incorporated in this study, however, utilized only an attitude-error signal. The

system studied is shown in block dlagramform in figure 1. The servoactuator,

attitude gyroscope, compensating network, and airframe transfer functions used in

this study are listed in table I. The approximation of the servo and gyro com-

ponents by first-order time lags was believed to be sufficient for this investi-

gation. The manner in which the airframe transfer functions were obtained will

be discussed subsequently.

A sketch of the vehicle used in this study is shown in figure 2. The con-

figuration and the specific station numbering convention used herein are shown in

figure 2(a), and the axis system employed is shown in figure 2(b).

ANALYSIS AND DISCUSSION

Equations and Determination of the Transfer Function

For purposes of analysis, the aerodynamic force inputs were assumed to act

at force stations at the nose (station 15), at the flares between the third and

fourth stages (station 125), between the first and second stages (station 470),

and at the center of pressure of the fin. This assumption is consistent with

slender-body theory. The actual lift distribution is dependent upon the local

angles of attack along the body, and these in turn are affected by the bending.

Thus, a complete description of the vehicle airframe can be obtained by using the



normal rigid-body equations of motion in conjunction with a set of wave equations
for the body. The small perturbation equations for the longitudinal plane can be
written as follows (ref. 1):

Normal translation -

mY(8 - &) = -FZ (i)

Pitch -

Zy_ --My (2)

Bending modes -

mih i = Qi(i = 1,2,3) (3)

An auxiliary equation for the attitude at a sensor location is given by

3

eG = e + 57.3_-- Xi,Ghi
i=l

(4)

The forces and moments (ref. 2) acting on the vehicle can be defined as:

FZ = -_-- La ajq
J=l

-ICLs)j qS +Fs_ 5 - TI_+_i=l Ai_Thi 1
(_)

My = J=l CL_)J _jmjq + CLS)jqS +F E55 + T_--i=l (XTki'T- di'T)hi
(6)

4

Qi = J--_l _CL_)J_jqSdi'jl + _CLs)jqS + F6_ di_58 - mi(_i2hi + 2_i_°ihi)
(7)

where

_J = _ V i=l i=l V

(8)



Substituting equation (8) into equations (5), (6), and (7) leads to the fol-

lowing set of simultaneous differential equations of motion in Laplace notation:

F_ F. F
-s +_ s +

V V V V V V V

Ql_

Q2cL

Q_s -e2 + QlhlS + Q1hl Q1h2S + Q1h2 Qlh3S + Q1h3

_s 2
Q2_ s Q_l s + Qlh2 + Q2_2s + Q2h2 Q2_3s + Q2h3

Q3_ s Q_l s + Q3h I Q3_2s + Q3h2 -s2 + Q_3 s + Q2h _

1
hzl

ih21

! !
!

ih3j

FZ8

V

-M6

-- -QI6

-Q_6!

-Q35

(9)

The coefficients used in this matrix are defined in appendix A. Aerodynamic

loading, structural mode-shape data, as well as center-of-pressure and center-

of-gravity locations as functions of time were obtained from references 3 and 4.

Other parameter data were also obtained from these references.

Equation (9) was solved in conjunction with equation (4) to obtain the

vehicle transfer function relating the change in attitude at the sensor location

to a change in the control deflections by using the matrix coefficients associated

with four flight conditions along the trajectory shown in figure 3- These flight

conditions consisted of a time shortly after lift-off (5 seconds) chosen because

of the low short-period damping and low control effectiveness that exist at that

time; a moderate dynamic-pressure Condition just prior to entering the transonic

region (15 seconds), chosen because of the rapid change that takes place in

several of the coefficients; maximum dynamic-pressure condition (52.5 seconds),

chosen because of the large control effectiveness available at that point; and a

condition just prior to spln-up (40 seconds).

By combining the airframe transfer function with the transfer functions of

the other system components, the following closed-loop system function can be

obtained:

eG(s)

R(s)
_ KIGI(S ) K2G2(s) K_G_(s)

1 + KIGI(S) K2GR(s) K3G3(s) K4G4(s)

(lO)

By equating the closed-loop function denominator to zero and solving this

equation, a plot of the variations of the poles (hence, the natural response

characteristics) of the closed-loop system with changes in the open-loop gain for

any particular numerical set of coefficients of the motion-equation matrix can be

obtained.



Because of the importance of the vehicle response to wind, the effects of
gust penetration were also investigated. For purposes of analysis, the wind
gust can be considered to act as a step change in angle of attack. The equation
defining the local angle of attack (eq. (8)) can be rewritten to include a gust
angle in the following manner:

mj = m +mg - -_- + ki,jh i - 7-- (ll)i=l i=l V

where ag is the gust angle. The relationship between this angle and the hori-
zontalwind is given by

Un (12)
a1_ = tan -I Vv

where un is the horizontal wlnd velocity and V v is the vertical velocity of

the vehicle.

Equation (9) was rewritten by considering mg as a forcing function, and

the pitch matrixwas solved by considering the controls locked to obtain a

eG(s)/%(s) transfer function. The block diagram shown in figure 1 was redrawn

to considerS° a disturbance input (_g) acting on the airframe plus a zero reference

input command to the entire system.

The output transient response equation can be obtained graphically from the

roots of the partialfraction expansion of the new open-loop equation. The value

of the denominator roots will be closed-loop values obtained from the original

solution of equation (9); however, the numerator roots are changed as a result of

the disturbance.

Attitude gyros as a rule have considerable drift rates which may introduce

an appreciable error in the flight path. Since the proposed control utilizes

only attitude gyros as the reference elements, a determination of the errors that

might be introduced is required. The calculation of these errors is presented in

appendix B.

Presentation of Results

B l _ # %

As seen in table I, the airframe transfer function eG[s)/5(s) is charac-

terized in the complex (s) plane by a dipole consisting of an integration pole

and a flrst-order zero located near the origin plus the complex poles of the

short-period and bending modes. In closed-loop operation, finite values of loop

gain cause the integration pole to move away from its origin location toward the

airframe zero. This movement results in the introduction of a decaying exponen-

tial term whose contribution to the system's transient response is normally of a

7



reductive nature. The pole's motion with increasing loop gain (toward the zero)

is such as to diminish the magnitude of its effect and to reduce the time its

contribution is noticeable. Thus, the higher the system loop gain, the less

noticeable this term becomes. High loop gain, however, introduces instability

into the system through a reduction in the effective structural damping associ-

ated with the first bending mode. Some compromise must be made, and the following

work indicates the steps taken in making this compromise.

In the interest of simplicity, it was felt that a modification could be made

to the network presently incorporated in the Scout. This network consists of a

lag-lag network with poles located at -29 and -33 nepers per second in the complex

plane. Since it was felt that some anticipation would be required to replace that

obtained in the basic vehicle by means of rate feedback, several lead terms were

considered in connection with the basic lag-lag network. Three lead terms plus a

lead-lag term were investigated in this study.

Figure 4 shows the root locl of the variation in the system structural and

elastic characteristics as a function of open-loop gain at each of three flight

conditions with the compensation network Gl, l(S) in the forward loop. The sec-

ond and third bending modes are not shown on the figure, but were included in the

analysis. Their motion as a function of gain was negligible over the gain range

investigated. The limiting case from a stability standpoint was found to be the

maximum dynamic pressure case (fig. 4(c)). Both minimum (Kv _ 0.32) and maximum

(Kv _ 6) usable gain values exist for this flight condition. At times greater

than 35 seconds after launch, the system is inherently stable again. However, no

loci are shown for any of these stable conditions in this paper. A loop gain of

4 appeared to produce an adequate increase in short-period damping over the range

of conditions investigated but did not cause undue degradation in the first

bending mode damping. Transient-response plots of the system's response to a

step input command incorporating this particular network as well as the other are

shown subsequently.

Root loci for other networks were obtained for the same three flight condi-

tions shown in figure 4. No significant improvement was obtained by using either

of the networks G1,2(s) or G1,3(s).

Figure 5 presents the root locl for the system when the G1,4(s ) compensation

network is inserted in series with the system. A loop gain of 32 was arbitrarily

chosen as a proper operating value over the range of flight conditions.

Figures 6(a) through 6(d) show the transient response to a step input of the

overall system incorporating each of the four networks at several flight condi-

tions and a specific value of loop gain adjudged to be adequate for the particular

system configuration. It should be mentioned that the curves represent faired

values of the equations underneath them, and thus some of the small-amplitude

hlgh-frequency oscillations indicated by the equations are not evidenced by the

curves; however, the basic shape of the response is indicated. Notice that in

the first three 15-seconds-after-launch cases, the output does not steady upon a

value equivalent to the input within the time interval shown, in fact, it does

not evenmaintain 90 percent of the desired value. Also the output slightly



exceeds the input for the first three high dynamic-pressure cases during the
time interval shownin the plots. Transient responses associated with network
G1,4(s) indicate that the output is maintainedwithln lO percent of the desired
value within _! seconds for the l_-seconds-after-launch case and steadies on a

2
value equal to the input within 2_ seconds for the 32._-second case.

2

Figure 7 shows several of the translent-response curves associated with a
unit-step wind disturbance. Curves were obtained for each of the conditions shown
in figure 6; however, only three are shownhere for comparison purposes. Notice
that the network that afforded the highest con_and control G1,4(s) also tended
to minimize the amount the vehicle was displaced by a disturbance. The control
system countered the disturbance quickly enough to limit the maxlmumvehicle dis-
placement to less than 40 percent of the potential disturbance value and to elimi-
nate 90 percent of the disturbance within _ seconds.

CONCLUDINGREMARKS

It is felt that this analysis, though somewhatlimited, has demonstrated the
feasibility of removing the rate gyro feedback loop in the control guidance and
using an attitude error feedback signal plus forward-loop compensation for probe-
type missions with the Scout vehicle. It also indicated that the system possessed
sufficlentlyhigh forward-loop gain margin; that is, a gain value that offered
sufficient speed of response did not cause structural instability.

Langley Research Center,
National Aeronautics and SpaceAdministration,

Langley Station, Hampton,Va., November20, 1962.
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APPENDIX A

DEFINITIONS OF DIMENSION DERIVATIVES

Normal Translation

FZ_ _ -qs CL - m_
V mV

57.3

-- = _ k1
V

57.3

k2, + T k2, 97.3qs cL_ j _V

_-__ (cL_)_d3_57.3

l0



FZh3 _
V =l

F5_Z0v-_(c_.0)_-_._

First Bending Mode

Qlm = q._s CLm
ml j

= qS

= -qS d2,"_ m? (c_),_,,

ll



F5 dl,8
qS/c L dl, 5 -- +

Q15 m I \ 5 j _7- 3 ml

Second Bending Mode

Q2_= _j d2,-qs eL_ J
1

.57.3

Q2h I m2V
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Q2hI

qS
= -2_;2_2 -

Q2h2 = "_2 + _ CL_ j
=1

m2V

Q2h3

= qS/C i

m2

Third Bending Mode

Q3_
1

57.3

L3



Q3_ xJ d3,1--

1

57.3

dl,J d3,1

=q_s
Q3h I m3
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qS _C 1 FB d3 _8
Q38 = _3t LB)J d338 57-3 + m3

Pitch

=l

-, Vt1_lo__(_o)_ol,57.3

57.3

,sVt ]

57.3
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_7.3

+ _7.3

qS FB_8

_: _ (%)__ _-T_'_
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AFPENDIX B

GYRO ERROR STUDY

Although the study conducted for this paper included only motion in the

pitch plane, gyro-lnduced errors in all three planes were studied.

The roll-datum drift c_ can be given by

/0t /0te_ _ kl_ dt + Ak2_ dt
(13)

where kI is the steady wander rate in radians/sec, k2 is the mass-unbalance

wander rate in radlans/sec per ft/sec 23 and A is the apparent acceleration

along the axis.

The yaw and pitch wander errors (e, _, and e) are given by

/ot /0te_e = kl, 8 dt + k2,sB dt
(14)

where B is the apparent acceleration normal to the missile axis.

To determine the errors that might be expected, the following assumptions

were made:

(1) The apparent acceleration along the axis can be given by

A = T qSCDo
m m

(15)

where
CDo is the zero lift-drag coefficient.

(2) The apparent acceleration normal to the axis can be given by

L
B = _ sec c_ = m

(16)

where CNa is the variation of normal-force coefficient with angle of attack.

17



(3) The angle-of-attack variat_bn_gram consistent with a controls-locked

zero-llft trajectory plus an addi_t±onal degree of angle of attack attributed to

various misalinements would be a monservative estimate.

Conservative values for the steady-wander and mass-unbalance rates for typi-

cal attitude gyros after a short period of vibration are 8°/hr and 8°/hr/g. By

using these numbers and solving equations (13) and (14) based on trajectory data

obtained from references 3 and 4, the roll datum can be expected to shift 0.4 °

and the pitch and yaw data to shift _0.1 ° each.

18
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X

Y

Z

F z

(b) Body-axis system employed with positive direction of forces,
moments, and displacements sho_n.

Figure 2.- Concluded.
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(a) Network Gl,l(S) ; time after launch; 15 seconds; loop galn = 4.
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Figure 7.- Translent-response curves of the change in attitude due to a unit step disturbance.
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